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Abstract. We propose a definition of sampling set for the Nevanlinna and Smirnov classes in 
the disk and show its equivalence with the notion of determination set for the same classes. We 
also show the relationship with determination sets for related classes of functions and deduce a 
characterization of Smirnov sampling sets. For Nevanlinna sampling we give general conditions 
(necessary or sufficient), from which we obtain precise geometric descriptions in several regular 
cases. 
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1. Introduction 

Let A be a subset in the unit disk D. In general A is called sampling for a space of holomorphic 
functions X when any function / G X is determined by its restriction /| A, with control of norms. 
For Banach spaces X it is usually clear what that control of norms means, but for the spaces we 
have in mind the situation is not so obvious. Consider the Nevanlinna class 

Af=\f e Hol(D) : lim— r"log+ \f(re'^) \ d9 < oo] , 
I r^i 2tx Jo J 

which is not a Banach space, but enjoys the structure of complete metric space with the distance 

d{f, g) = N{f - g) induced by 

N{f) = \im^ r\og{l + \f{re'')\)de. 
j-^i Ztt Jo 

The subharmonicity of log(l + |/|) yields the pointwise estimate 

(l-|;.|)log(l + |/(;.)|)<2iV(/), 

which shows that convergence in the distance d implies uniform convergence on compact sets 
Proposition 1.1]. 

The Nevanlinna class J\f coincides with the set of functions / G Hol(D) such that log(l + |/|) 
admits a harmonic majorant (see HGarSll p.69] or Q later on). The value N(f) can then be 
rewritten in terms of an extremal problem for harmonic majorants. Let Har+(D) denote the 
space of non-negative harmonic functions in the disk; then 

N{f) = mi{h{0) : h G Har+(D) with log(l + |/|) < h} . 

This expression makes sense for any / measurable in D, in particular for a restriction /|A, and 
suggests the following definition. 

Definition. A set A is sampling for J\f if there exists C > such that 

Nif)<Nif\A)+C V/gAT. 

In Section |2l we study first the relationship between Nevanlinna sampling sets and determi- 
nation sets for the same class and for the space 7Y°° of bounded holomorphic functions. We 
prove that sampling and determination sets for J\f are the same. Also, from the characterization 
of 7"^°° determination sets given by Brown, Shields and Zeller LBrShZeJ we deduce a complete 
description of sampling sets for the Smirnov class 

Ar+ = {/ G AT : lim ^ /'^og+ \f{re'')\ dO = ^ r log' |/*(e^^)| dO < oo}. 

Here /*(e*^) denotes the non-tangential limit of / at the boundary point e*^. 

Next we study the relationship between sampling sets for M and determination sets for the 
class Har-t (D) of harmonic functions which can be written as the difference of two positive 
harmonic functions. This is relevant because the Riesz-Smimov factorization implies that for 
any f E M there exist a Blaschke product B and h G Har-t (D) such that log |/| = log \ B\ + h. 
From the characterization of determination sets for Har-t (©) given by Hayman and Lyons [ |HaLy| | 
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we deduce a necessary geometric condition for sampling in M. Some examples show that this 
condition is far from being sufficient. 

In Section |3] we give general conditions for Nevanlinna sampling (Theorem 13.21) . which in 
Section |4l are used to obtain a precise geometric description for three different types of regular 
sampling sets: fine nets of points, regular sequences on cercles tending to the unit cercle, and 
uniformly dense unions of hyperbolic disks, as considered by Ortega-Cerda and Seip in LOrSel . 

A final remark about notation. The expression A ^ B means that there exists a constant 
C > 0, independent of whatever arguments are involved, such that A <CB. If both A < B and 
B ~< A then we write A c:^ B. 



In this section we describe the relationship between our definition of sampling and other 
related notions studied previously. 

2.1. Sampling and determination sets. We begin with an easy observation: in the definition of 
sampling given in the introduction A^(/) can be equivalently replaced by 



A^+(/) = lim — / log+ \f{re'^)\de = mf{h{0) : h e Har+(©) with log+ |/| < h} . 



Also, the constant C can be assumed to be 0, as the following Lemma shows. 
Lemma 2.1. A set A is sampling for if and only ifN+{f) = N+{f\A) for all / G A/". 

Proof. Of course, we only need to see that the equality is necessary. Since J\f is an algebra, the 
sampling inequality A^+(/) < A^+(/|A) + C yields automatically 



Let us consider also two related notions for a set A in D. A priori, one seems weaker and the 
other stronger than the sampling property. 

Definition. A set A is a determination set for A/" if A/" fl L°°(A) C 7Y°°, i.e. if any f £ M with 
supA \ f\ < oo must be bounded on the whole unit disk. 

A set A is strongly sampling for J\f if whenever f E J\f and h E Har_|_(D) are such that 
log^ I /(A) I < h{X) for all A G A, then necessarily log+ |/| < h. 



2. Determination sets and necessary conditions 






V/ G AT G N . 



V/ G TV Vn G N , 
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When A is strongly sampling the distance d{f,g) between two functions f,gGj\f coincides 
with the distance between their restrictions / | A and g\A. 

Remark 1. A set A is a determination set for 7i°° when ||/||oo = sup^ |/| for all / G 7i°°. It 
is easy to see that determination sets for M are also determination sets for 7i°°, which therefore 
satisfy ll/lloo = supA |/| for all f eU. 

Indeed, assume that there exists / G 7i°° such that ||/||oo = 1 and supy^ |/| = s < 1. Take 
{zk]k C D such that lim^ \ f{zk)\ = 1 and consider any accumulation point ^ G T of {f{zk)}k- 
Then the function g = — f) belongs to J\f, is not bounded, but supy\^ \g\ < 1/(1 — s). 

Brown, Shields and Zeller showed that A is a determination set for 7Y°° if and only if the set 
NT (A) consisting of the C G T which are a non-tangential limit of points in A has full measure, 
i.e. |iVr(A)| = 2% [BrShZef. It was shown in IThll that the same condition also characterizes 
sampling sets for the Hardy spaces (0 < p < oo), if appropriately defined. This condition is 
therefore necessary for A to be a determination set for J\f. 

Our first result shows that the previous notions are all equivalent. 
Theorem 2.2. Let Abe a subset of 3. The following properties are equivalent: 

(a) A is a sampling set for Af. 

(b) A is a determination set for M. 

(c) A is a strongly sampling set for Af. 

It is clear from (c) that the sampling property is invariant under automorphisms of the disk: 
if A is sampling for J\f and 0(2;) = e^^fzi^, a G D, is an automorphism of D, then 0(A) is also 
sampling for Af. 

Before the proof we need to recall some well-known facts about the structure of the Nevan- 
linna class (general references are e.g. [GarSl ], [ Nik02l or HRosRovl ). 

For a set Z C D with multiplicities, the Blaschke product with zeros on Z is 

Bziz) := n nf^' 

where the points are repeated according to multiplicities. This is convergent, not identically 
equal to 0, if and only if J2aez{^ ~ kl) < 00. When this is the case, we say that Z is a Blaschke 
sequence, or verifies the Blaschke condition. 

A function / is called outer if it can be written in the form 




fiz) = Cexp\ —^logv{e^')- 



I ie logt;(e*^) — 

where \C\ = l,v > a.e. on T and logf G L^(T). Such a function is the quotient / = /1//2 of 
two bounded outer functions /i, /2 G with ||/i||oo < ^, i = 1)2. In particular, the weight v 
is given by the boundary values of I/1//2I. Setting w = \ogv, we have 

2i- rlf) 



log|/(z)|=PH(^) ■■= r P.{e'>{e^') 

Jo 



271 ' 
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where 
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2 
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2 



denotes the Poisson kernel at 2; G D. 

In general, for any finite measure fi on T, the Poisson integral of fi is the harmonic function 
given by 

r2-K 



P[/i](z) := r P,{e'')d^x{e). 
Jo 



Another important family in this context are inner functions: / G 7i°° such that |/| = 1 almost 
everywhere on T. Any inner function / can be factorized into a Blaschke product B carrying the 
zeros of /, and a singular inner function S defined by 



/•2tt _|_ ^ 

S{z) = exp <j - [ — dfi{e 



e^" — z 



for some positive Borel measure /i singular with respect to Lebesgue measure. 

According to the Riesz-Smimov factorization, any function / G A/" is represented as 

(1) / = a c . , 

'-'2/2 

with fi outer, ||/i||oo < 1, Si singular inner, B a Blaschke product and |a| = 1. 

Remark 2. Let Har-i-(D) denote the set of harmonic functions h that can be written h = hi — h2, 
with hi,h2 G Har_,_(D). The factorization above shows that for f E J\f there exist always 
h G Har-t (D) and a Blaschke product B such that 

(2) log|/| =log|5| + /i, 

and reciprocally, for any h G Har±(D) and any Blaschke product B there exists f E Af satisfying 



Proof of Theorem \I?7\ (c)^(a) is immediate from the definition. 

(a) ^(b). Let f E M with sa =: sup^ |/| < 00 and consider g = f /s\ E J\f. Since A 
is sampling and log^ |fl'(A)| = for all A G A we have, according to Lemma ITTl N^(g) = 
N+{g\A) = 0. Thus J^"" log+ |^(re*^)| dO = for all r < 1, hence ||^||oo < 1- 

(b) ^(c). Let / G TV and h E Har+(©) be such that log|/(A)| < h{\) for all A G A. 
By Remark 121 there exists a function g E M such that log \g\ = log |/| — h. We have then 
log|5'(A)| < for all A G A, and as pointed out in Remark[ll this implies \\g\\oo < 1, i-C- 
log|(7|=log|/|-/i<0. ■ 
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2.2. Sampling in the Smirnov class. All the definitions and proofs above can be similarly given 
for the Smirnov class A/'+ defined in the introduction. The Smirnov class consists of those 
f E J\f for which the harmonic majorant of log^ I /I is quasi-bounded (the Poisson integral of 
some w E L^(T)). Equivalently, it consists of those f E M with no singular factor S2 in the 
factorization (U]). 

The geometric description of sampling sequences for is a straightforward consequence of 
the results in [Br ShZeJ and Remark[T] Recall that NT (A) denotes the non-tangential accumula- 
tion set of A in T. 

Theorem 2.3. Let Abe a subset o/D. The following properties are equivalent: 

(a) A is a sampling set for Af^. 

(b) A is a determination set for A/"^. 

(c) A is a strongly sampling set for Af~^. 



Proof. The equivalence between (a), (b) and (c) is seen as in Theorem 12. 21 

The necessity of (d) is pointed out in Remark[l] The sufficency is immediate: for almost every 
9 E [0,2it) there exists a sequence {\k}k C A tending non-tangentially to e*^, and therefore 
f*{e'^) = limfc^oo /(Afc) IIGarHlL Theorem 5.3]. Then, if / G 7V+ and h E Har+(©) are such 
that log+ I /(A) I < h{X) for all A G A we have log+ \f*{e'^)\ < h{e'^) a.e 6 E T. This yields 
iV+(/) < Ar+(/|A). ■ 

2.3. Determination sets for harmonic functions and a necessary condition for Nevanlinna 
sampling. From previous results on determination sets for harmonic functions and the equiva- 
lences of Theorem 12 . 21 we deduce a first necessary condition for Nevanlinna sampling (Corolla- 
ry This can be obtained directly, as shown in the Appendix. 

Given 2;, w G D let 



stand for the its pseudohyperbolic distance. For r G (0, 1) and 2; G D let D{z, r) = {w E B : 
p{z, w) < r}. 

A sequence A = {Xk}k is called separated when 

inf p(Aj, Afc) > . 



(d) |A^T(A)| = 27r. 



For any set A C D and 5 G (0, 1), consider the pseudohyperbolic dilation 



A^= U D{X,6), 




where dm stands for the usual area measure 
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We note that for any fixed C ^ T, the values I{A,(,S) are finite simultaneously for all values 
of 6 e (0, 1), and that this is equivalent to the fact that for any maximal separated subsequence 
A' c A, we have 

AeA' 1^ ^1 AeA' 

We recall the following characterization of determination sets for the class Har-t (D) given by 
Hayman and Lyons [ [HaLyJ . This is elaborated upon in LGaJ . 

Theorem A. Let A C D. The following properties are equivalent. 

(a) sup^ h = supu h for all h G Har-i-(ro). 

(b) There exists 6 G (0, 1) such that /(A, (,6) = oo for all ( E T. 
We shall call the sets satisfying these condition //a^'man -Lyon* sets. 

Condition (b) is more restrictive than Brown, Shields and Zeller's condition |A^T(A)| = 2n. 
Actually, |A^T(A)| = 2n is equivalent to /(A, (,6) = oo a.e. C e T lOi Corollary 2]. On the 
other hand, it is clear that if NT(A) = T then (b) is satisfied, since the Poisson kernel P{z, Q is 
bounded below in any Stolz angle with vertex at 

Corollary 2.4. A Nevanlinna sampling set is a Hayman-Lyons set. 

Proof. By Theorem l2.2l A is a determination set for J\f, and therefore sup^ log | / 1 = supjj log | / 1 
for all / G A/". By Remark |2l this implies (a) in Theorem A. ■ 

Notice also that when A is a determination set for J\f and f,gEj\f are such that |/(A)| < 
\g{\)\ for all A G A, then \Bf\ < \g\, where B indicates the Blaschke product associated to 
the zeros of g. To see this factorize g = Bgo, with go non- vanishing. Then |/(A)|/|(7o(A)| < 
|-B(A)| < 1 and by hypothesis |/| < \go\, as desired. 

The Hayman-Lyons condition is not sufficient for sampling in J\f, as shown in the following 
example. 

Example 1. Take a dyadic partition of the disk: for any (n, k) in the set of indices X = 
{{n, k) : n E N, < A; < 2" — 1} consider the interval 

(3) In,k := {e'' : 6 G [271^2"", 27r(A; + 1)2-")}, 
and the associated Whitney partition in "dyadic squares": 

(4) Qn,k := {re'' : e'' G In,k, 1 - 2"" < r < 1 - 2-"-^}. 

Observe that the pseudohyperbolic diameter of each Whitney square Qn,k is bounded between 
two absolute constants. 

Let A be the sequence consisting of the centers c„_fc of Qn,k- An immediate computation shows 
that for every ( eT 

oo 2"-l oo 2"-l 1 _ |„ |2 „ oo 2"-! 9-n „ 

E E (1 - K,f)p..j>;) = E E (^7^) " S S = ~' 

n=l k=0 n=l k=0 1^ ^"'^=1 n=l fc=0 "T 
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and therefore A is a Hayman-Lyons set. 

In order to see that A is not a determination set for A/" fix = 1 G T and consider a horocycle 
{z : P^(l) = c}, the boundary of the euclidian disk B{j^, j^) (see Figure 1). Then Z = 
A n B{j^, is a Blaschke sequence: 

oo oo 

Ei-H-E E (i-|c„,.|)^E2-"/^<oo. 




Therefore, there exists f E M such that 

log 1/(^)1= log |5z(^)|+P.(l) zeB. 

Clearly log |/(A)| < c for all A G A. The fact that / is not bounded rests on the following 
more general lemma. 

Lemma 2.5. BSSI Lemma 2.3] For any Blaschke product B and any C ^ T, 

limsup(l — r) log \B{rQ \ = 0. 

This implies in particular that limsupr_+i(l — r) log |/(r)| = limsup^_^i(l — r)Pr{l) = 2, so 
/ cannot be bounded on (0, 1). 

3. General conditions 

In order to see what extra conditions are required on a Hayman-Lyons set A to be a determina- 
tion set for A/", assume that / G A/" is such that supy\^ |/| < 1. According to RemarkEl there exist 
a Blaschke product B (with zero-sequence Z) and F G Har-i-(D) such that log |/| = log \ B\+F. 
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It will enough to see that F is quasi-bounded, that is, that / belongs to the Smimov class. 
This is so because the Hayman-Lyons condition implies |A^r(A)| = 2it, and we deduce then 
from Theorem |231 that sup^ |/| = supjj |/| (see Remark[T]). 

The hypothesis is, in these terms, 

and we would like to impose certain conditions on A so that this estimate implies that F has a 
quasi-bounded harmonic majorant. 

A first observation is that the zeros of B far from a given A are no obstruction to such ma- 
jorization. The following is a restatement of LHMNT. Proposition 4.1, pp. 13-14], and of part of 
its proof. 

Lemma 3.1. Let B be the Blaschke product associated to a Blaschke sequence Z. For any 
5 e (0, 1), there exists a positive quasi-bounded harmonic function Hb = P[w\, w G L^(T), 
such that — log \B{z) \ < Hb{z) — Y,aezr\D{z,5) log '^)' for any 2; G D. Furthermore 

W(C) = Co 51 X/a(C), 

where cq is an appropriate positive constant, and la = {C ^ T : IC ~ ]f| I ^ 1 — \a\} is the 
"Privalov shadow" of a on T. 

Given 5 G (0, 1), there exists thus Hb harmonic, quasi-bounded and positive such that, 

(5) F{X)<Hb{X)+ E log^^ ^e^- 

aeznDi\,S) Pl^>«J 

It is clear that we cannot expect to bound the local sum in the right hand side of this inequality by 
a quasi-bounded harmonic function for all A G A (it could happen, for example, that Z fl A 7^ 0). 
Rather, we would like to find conditions on A that ensure such a bound for a subset A' C A big 
enough so that the estimate of F by a quasi-bounded harmonic function on A' implies the same 
estimate everywhere (in the spirit of the Hayman-Lyons condition for functions in Har-i-(D)). 

For that purpose we need a measure of the "vulnerability" of A to the presence of zeros of a 
Blaschke product. 

Consider the dyadic squares {Qn,k}{n,k)ei defined in Q and denote by Qn,k the union of all 
Qrnj such that Qn^k n Qm,j 7^ 0- There exists 5o > such that Qn,k° C Qn,k- 

To measure the vulnerabilty of A at each Qn,k, for G N and S G (0, 1) consider 

Wn,k{^, N) = sup J f inf log — ^ — - I , ai, . . . , aTv G Qn,k 

We take an empty sum to be 0, so that Wn,ki-^, 0) = for any set A. Clearly, Wn,kiK N) is an 
increasing function of A^, and there exists C{5) > such that w„ ^(A, A^) > NC{5). 
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Given a Blaschke sequence Z let Nn,k = H^{Z fl Qn,k)- The Blaschke condition is thus 
equivalent to J2n 2"" J2T=o^ ^n,k < oo. Any sequence of integers {A^n,fc}(n,A:)GX satisfying this 
condition will be called a Blaschke distribution. 

Theorem 3.2. Let A C D. Each of the following properties implies the next one. 

(a) For any Blaschke distribution {A„,A:}(n,A:)6J' there exists Q <ZX such that 

(6) A n Qn,k ^ for any (n, k) e Q, 

(7) E 2-"P,„,,(C) = oo 

{n,k)£Q 

for all C and 

(8) E 2-"ti;„,fc(A,Ar„,fc) <oo. 

(n,fc)eQ 

(b) For any Blaschke distribution {Nn^k}(n,k)GX <^nd any positive finite measure v on T, sin- 
gular with respect to the Lebesgue measure, there exists Q C I satisfying ®, ^ and 
condition (O almost everywhere with respect to v. 

(c) A is a determination set for the Nevanlinna class. 

(d) For any Blaschke distribution {A^n,fc}(n,fc)ex <^nd any positive finite measure v on T, sin- 
gular with respect to the Lebesgue measure, there exists Q <Z X satisfying (EJ) and 

(9) / E 2--P,„,(C)rfKC) = oo. 

(n,fc)es 

(e) For any Blaschke distribution {A^n,fc}(n,fc)ex and any C G X there exists Q C T satisfying 
®, © an J ®. 

As pointed out before the statement of Theorem A, condition Q is precisely the Hayman- 
Lyons condition for the set A fl {<5n,A:}(n,fc)es- 

We will see in the next Section how this somewhat cumbersome conditions can be used to 
provide precise geometric conditions, at least when then set A has some regularity. 

Open question: are there examples of sets A to show that the first and last of those properties 
are actually different ? 

Proof, (a) ^ (b). Obvious. 

(b) =^ (c). Start, as in the general scheme, with f E M such that sup^ |/| < 1 and consider 
the decomposition log |/| = log \ B\ + F. By the Riesz-Smirnov factorization dU), the function 
F can be written as 

F = h-h2 + Hi- H2, 

where hi, Hi G Har+(D), Hi are quasi-bounded and hi = P[i'i], with z/j positive finite measure 
in T, singular with respect to the Lebsesgue measure. 
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In order to see that / G it will be enough to prove that hi has a quasi-bounded majorant. 
To do that we use (b) with the singular measure ui and the Blaschke distribution determined by 
B. Let Q C X be the set of indices for which (b) holds. 

Let g e Af he such that log \g\ = log |/| — Hi = log \B\ + hi — h2 — H2 (explicitly g = 
jQ~{Hi+iHi) ^ where Hi denotes the harmonic conjugate of Hi). Then, the corresponding estimate 
^ for g becomes 

hi{X)-h2{\)-H2{\)<HB{\)+ E logT^TT 

for some positive quasi-bounded harmonic function Hb- 

For each (n, fc) G Q there is a particular j = j{n, k) such that Xj{n,k) G A fl Qn,k and 

log /X ^= inf ^Og—^-—<Wn,k{^,Nn,k)- 

Let J^^fc be the dyadic arcs defined in Q and let C > 0. According to (IH) the function H^ = 
P[W] ', with 

W:=C J2 Wn,k{A,Nn,k)xi„,, , 

{n,k)eQ 

is a positive quasi-bounded harmonic function. The usual estimate of the Poisson kernel by a 
"square" kernel (or a direct computation) shows that P[xi^]{z) > c > 0, with c independent of 
z, hence for C well chosen, 

Wn,k{^, Nn,k) < ^L(Aj(„,fc)), {n, k) e Q. 

Then, defining A' = {Xj{n,k)}{n,k)eQ we have hi — h2 — H2 < Hb + H^ on A'. Condition ^ 
being satisfied z/i-a.e. and HGal Theorem 2] show then that 

h2 + H2 + HB + HL . h2 + H2 + HB + HL 

1 < mi ; = mi ; . 

A' hi o hi 

Thus hi — h2 ~ H2 < Hb + Hi everywhere, and log |/| < log \ B\+ Hi + Hb + H^, as desired. 

(c) =r- (d). Following the original ideas of Beurling, and similarly to the proof of Lemma 1 in 
[HaL yl, for a given set of indices Q C I satisfying ^ and for (n, k) G Q, let A„ ^ G A fl Qn,k, 
and define the (possibly divergent) series 

H^{z):= 2-"PM(A„,,)n(A;,), 

(n,fc)GQ 

where A;^^ = A„,fc/|A„,fc|- 

The terms of this series are positive harmonic functions so by Hamack's theorem H^ is either 
identically +cx) or it defines a positive harmonic function. 

Suppose that Q is a set for which Q fails. Then the series defining H^(0) converges, and 
therefore H^, is a positive harmonic function. Notice also that lim|2|^i(l — \z\)H^(z) = 0, since 
each term of the sum has this property, and we can apply dominated convergence. 
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By retaining only the (n, k) term of the sum, we see that 

HAXn,k) h 2""PH(A„,fe)- y P[iy]{Xn,k). 

J- ~ \\i,k\ 

Thus, using Hamack's inequality and choosing an appropriate constant Cq > 0, we obtain a 
function 

h,:=P[u]- CoH, 

which is non-positive on U(n,yfc)eQ Qn,k, and tends to infinity as z tends radially to the boundary 
a.e. with respect to u. 

Now suppose that (d) doesn't hold. This means that we are given a Blaschke distribution 
{Nn,k}(n,k)ei and a singular measure u such that for any Q such that (HI) holds, then ^ fails. 

Claim. There exist a constant 7 > and a subset Aq C A such that 

(i) E 2^"PM(A„,,)^ E 2-" /p,„,(C)MC)<oo, 

(n,fc):(A\Ao)nQ„,fe^0 (n,fe):(A\Ao)nO„,fc^0 '''^ 

(ii) 7P[z/](A„,fc) < u;„,fc(A, A^„,fe) for any (n, /c) with Aq n Qn,k 7^ 0- 

To see this, define 

Cj := {(n, fc) G J : A n Qn,k 7^ and w„,fc(A, N^^k) < 2-^PM(A„,fc)}. 
If there exists some jo such that 

J2 2-"PM(A„,fc)<oo, 

(n,fc)e£jy 

then define A \ Aq := A fl [j{n,k)eCjg Qn,k, and we have the result with 7 = 2^^°. 

Otherwise, set ji = 1 and define recursively jm+i > jm and subsets Am C Cj^ such that 

• Am+i n Ai = ^, 1 < I < m, and 

• l<E(„„fc)e^^2-"PM(A„,,)<M. 

This is possible because the terms to be summed belong to a divergent series, and are all bounded 
by a constant. Now, taking Q := UAm, we have 

E 2-^Wr,,k{A,N^,k)<T.'^-'-{ E 2-"PM(A„,fc)) <ME2-^'"<oo, 

(n,fc)eS {n,k)£Am ™ 

while I](n,fc)eQ 2^"P[z/](An,A;) = 00, which contradicts the hypothesis. The claim is proved. 

We now proceed to prove that the set A is not of determination for the Nevalinna class. Let 
be the function constructed above, using the set A \ Aq as the set which doesn't satisfy Let 
P be a Blaschke product with Nn,k zeros 61, . . . , 6iv„ ^ located in ^ chosen as the solution to 
the extremal problem in the definition of Wn,k' 

inl E log f\ u \ = sup ini E ^1 = Wn,k{A, Nn,k) ■ 
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Choose an integer m such that 7717 > 1 and pick a function / G TV with 

log I/I = mlog \B\ + h^. 

By construction /i,^ < on A \ Aq and h^, < V[v\ on A. Also, (ii) implies that log |/| < on 
Aq, so altogether log |/| < on the whole of A. On the other hand the fact that limsup|2|^i(l — 
1^1) [log 1-8(2;) I + Hy{z)] = shows that / cannot be bounded on the disk. 

(d) =^ (e). Condition (e) is the special case of (d) where vis a point mass. ■ 



4. Regular sampling sequences 
In this section we give precise conditions for three types of regular sets to be sampling for J\f. 

4.1. Fine nets. Let g : (0, 1] — > (0, 1] be a non-decreasing continuous function with g{0) = 
A sequence A is called a g-net if and only if 

(i) The disks D{X,g{l— |A|)), A G A, are mutually disjoint, 

(ii) There exists C > such that Uaga D{\, Cg{l - |A|)) = ©. 

We characterize sampling ^f-nets in terms of the growth of g (Theorem l4. ll below'l.The growth 
condition is equivalent to a condition in terms of approach regions. Let 

non-decreasing, continuous, with 7/'(0) = and J iIj{x) / x'^ dx < 

Given C G T define the approach region T^{() = {z E IS) : ip^z — (\) < 1 — |2;|}. 

Theorem 4.1. Let Abe a g-net. The following properties are equivalent: 

(a) A is a sampling sequence for M 

(b) H\e^r^v^{Q ^ ~ \M = 00 for all ( eT and all ip E J-'. 

f dt 

Remark 3. (i) The conditions above can be reformulated in terms of the number M„ ^ of points 
of A in a dyadic square Qn,k- In this case M„ ^ is essentially independent of k, in the sense that 
there exist M„ and a constant C > such that C~^M„ < Mn,k < CM„ for all < < 2". Then 
the conditions in the theorem above are equivalent to Z]n(^n2~")^/^ = 00 (see Lemma l43b . 

(ii) As we will see soon, condition (b) is always necessary. However, the results of Section 
l4.3l show that it is not always sufficient. 

We will begin by proving that condition (b) is necessary in general. We first give a reformula- 
tion of Example 6.4 in [ HaLy| , where we look at when the outside of an approach region r^(^) 



is, or is not, Hayman-Lyons. All computations should be done in the disc, depending only on 
what happens in a neighbourhood of a point on the boundary. Passing to the upper half-plane 
U with the standard conformal mapping, we may perform the corresponding computations in a 
disc of fixed radius centered on any point of the real axis. 



14 XAVIERMASSANEDA& PASCAL J. THOMAS 

Lemma 4.2. Let ip : (0, oo) — > (0, 1] be a non-decreasing continuous function with ip{0) = 0. 
The set T>^ := {x + iy e C : < y < V'(l^l) ory>l\ is a Hayman-Lyons set if and only if 







Furthermore, ifV^ is not a Hayman-Lyons set, there exists a harmonic function h e Har±([/), 
non-positive on T>^, and with lim inf yhiiy) > 0. 



Proof. For any point C ^ except the origin (but including the point at infinity), "D^ contains a 



half-disc centered at (, so that the integral /("Dl, C, ^) > H^i'^ ^) — There remains the 



case C = 0. 

A direct computation shows that 

/(p„o,o)=/ 4^ ^ r ^ = dx , 

Jv^ x^ + y^ Jo Jo x^ -\- y^ Jo x 

which is finite if and only if Jq'4>{x) / x"^ dx < oo. Hence /("D^, 0, 0) = oo when Jq'^{x)/x'^ dx — 
oo. 

This same estimate shows that in order to prove that /("P^, 0, 0) < oo when Jg ^(a;)/x^ dx < 
oo it is enough to see that for any S > 0, there exists a non-decreasing function > with 
^5(0) =0 and such that 

(i) I)J c V^^ 

(ii) jQip5{x) / x^ dx c:^ jQil>{x)/x'^ dx. 

In the construction of only the behavior near zero is relevant, hence we restrict our attention 
to a; G [0, 1/2]. Recall that the pseudohyperbolic distance between two points zX is given 
hyp{zX) = \z-C\l\z-C\. 

Let ?7 > (to be chosen later) and consider the function 

i^vix) = TT~^(^ ")X[2-(n+2)_2-("+l))(3^) ■ 

n=0 ^ ^ 

This corresponds to "raising" the value of ip dX x = 2~"^ by r] (in the pseudohyperbolic metric) 
and assign it to the whole interval [2^*^"+^^ 2"'^""'"^)) (see Figure 2). 

It is clear that ip^^ satisfies (ii) for any > 0: 

i-n^^^'^ ^y2-("+2) x^ ^0 2-" io x2 

Let us see that the pseudohyperbolic distance between the graph of and the graph of ip is 
bigger than 5 if 77 is big enough, and therefore (i) holds as well. In the vertical direction it is clear 
that we only need to take rj > S,hy construction of ip^^. For the horizontal direction we have, for 
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anyx G [2-("+i), 2^"), 

p((2-("+2),^,(2-("+^)-)),(a;,^(a;)) 



X - 2-("+2) + i(^(a;) - i±2^(2~("+i))) 



> 



1 



1 I „• l+r?V.(x)+V>(2-("+i)) 



This is clearly bounded below, since the integrability condition on ^ gives in particular 



lim — -T < lim 



2V^(2-") 



*oo X — 2~("+2) 



lim 



oo 2-{"+l) — 2-("+2) n^oo 2 




^.([x|) 



2-("+3) 2-("+2) 



In the case where the integral is convergent, denoting temporarily Px+iy{t) := ^ u^ts^j^ 2 ■, let 



h[x + iy) := Px+iy{0) - Ch^{x + iy), 



where C > and is the Poisson integral of the integrable function il}{t)/t^ restricted to the 
interval [—1, 1]. 

It is well known that the growth of the Poisson integral of an integrable function is such that 
lim^^o yh^{x + iy) = (see for instance USSl Corollary 2]), thus it will be enough to prove that 
for C > sufficiently big h < on V^. 

This will be done as soon as we see that h < Q for points z = Xq + iy^ E dV^,. Since 



lim ip(x)/x = 0, we have then 



ipixo) ij{xo) 



xl + ip'^{xo) xl 
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On the other hand 

, , . r 1 ipix) , 1 f=^o+^(xo) ^(x) , 

h^{xo + iyo)y — — - — i^dxh— — -/ — — dx 

J\x-xo\<i>{xo) ipyxoj x^ Wyxoj Jxo x^ 

^ 1 \ ^ ^(a^o) 1 i'jxo) 

~ ^xo Xo + iIj{xo)' xl l + ip{xo)/xo~ xl 

hence with C big enough we get the desired estimate. 



Proof of Theorem WT\ (a)^(b). Assume that there exist a function ^ G and C ^ T such that 
I^AeAnr^(C) 1 — |A| < oo. Similarly to Example 1, consider the function / G TV such that 

log I/I = log|5z| + , 

where Bz is the Blaschke product associated to Z = A fl T^{C) and is the harmonic function 
obtained by transporting to the disk the function given by the previous lemma. 

It is clear then that / is bounded on A. But by the properties of /i^ and by Lemma IT51 we see 
that / cannot be bounded in the whole disk. Thus A is not a determination set for M. 

(b)^(c). It will be enough to prove the following lemma. 

Lemma 4.3. Assume that A satisfies condition (b) in Theorem \4.1\ Let Mn,k = #A fl Qn,k cind 
assume that there exist C > and positive integers Mn such that C^^Mn < Mn,k < C*M„. Then 
E„(M„2-")V2 ^ ^_ 

A volume estimate shows that Af„ ~ ((^(2^"))^^, and therefore 

Proof. We want to prove that if X]n(^n2"")^/^ < oo there exists G such that X]AeAnr^(C) ^~ 
\\\ < oo, thus contradicting (b). 

It will be expedient to write the computation in the upper half-plane U after a conformal 
mapping. We call the resulting sets A and T^{Q again. Thus, we need to prove that there exists 

^ G ^ 



(10) 1 - |A| ^ E 2""# (A n r^(C) n {2-"-^ < y < 2-"}) < 00 . 

AeAnr^(C) n>o 

Since -ip is an increasing function, the set T^{() fl {2~"~^ < y < 2"^^} is contained in the 
rectangle {|a;| < ?/'~^(2~"), 2~"^^ < y < 2~"}. Therefore, splitting the sum for the different 
Qn,k and using that M„ ~ (7"^ (2"") we have 

E i-|A|^E2-" E ^n,.^E^nr^(2-")-E^i)S- 

AeAnr^(C) ">0 k:k2-"<ip-^(2-") n>0 n>0 9 / 
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It will be enough to see that iIj defined by iIj ^{t) = Vig{t) is in JF, since then 
By definition ^ is non-decreasing, continuous and ^/'(O) = 0. Also 



1 dt /-i dt 



^g{t) Jo ip-\t) 

1 ds ip{s 



{t : l/^-\t) >a} da= I {t : ^-\t) < s} 



s2 



/ \{f-t<Hs)}\^= I ^^ds<oo 
Jo S'^ Jo 



as desired. 



(c)^(a). Given a Blaschke sequence Z we want to choose a family of indices Q C I satisfy- 
ing the conditions of Theorem 13 ■2r a). First we need a control of the vulnerability on the squares 
where N^m = n Q„,fc) is small. 

Lemma 4.4. If A is a g-net, there exist e > 0, no G N and C > sucti ttiat wtienever n > tiq 

and N < £:#(A n Qn,k), then w„,fc(A, A^) < CN. 

Proof. Denote Q = Qn,k, Q = Qn,k and M = #(A n Q). Then M ~ g(2-^'y^ and there exist 
constants c < C such that the disks -D(A, c(7(2~")), A G are mutually disjoint and the disks 
Z^(A, Cg{2^'^')) cover the whole set Q. Let Z = {ai, . . . , a^} C and consider 

A'q := {a G A n g : p(A, a) > C^(2""), for all a G Z n Q}. 

For £ small enough, and n (and therefore M) large enough, #Aq > M/2. 

Choose r G (0, 1) large enough so that Q C D(a,r) for any a E Q. For A' G Ag and 
G -D(A', cg{2^'^)) we have Oj) ^ p(A', a-,) for all aj G 0' and therefore 



p(A',aj) m(D(A',c^(2 ")) 7D(A',cg(2-")) p(2:,aj) 
Then, for any ai, . . . , oat G Q, 

^ 1 ^ 1^1/- 1 

Applying an automorphism of the disk sending aj to the origin, we see that there is a radius 
r' G (r, 1) with 

If 1 /■ 1 

7^^^;^ / , s ^ -c?m(2;) ^ / log --dm{z) < C. 

[2 "-y JD{aj,r) p[Z,aj) Jd{0,t') \z\ 

Finally, 

1 \ 1 

y y log — T r ^ rN ~ MA^, 
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and since #Aq > M/2, the average value of the summands in the first sum is bounded by a 
constant multiple of A^. ■ 

For e G (0, 1) small enough, define 

(12) Q = {{n,k)■.Nn,k<ei^{^r^Qn,k)} . 
Lemma together with the Blaschke condition give © in Theorem 13 .21 

In order to prove dTJ) in Theorem 13 .21 for each (n, k) pick Cn,k ^ Qn,k, for instance its center. 
By rotation invariance of the properties of being a g-nti or a Blaschke sequence, it will be enough 
to see that, 

(13) E (^74)' = °°- 
Let 

(14) L„:=#{A;:(n,A;)^Q}, 

Observe that is bigger when the argument of c in (— tt, tt] is closer to 0. So we must have, 
for any fixed n, 

(15) E VlT^] ^ E 
On the other hand 



l -\Cn,k? \\ J2 1 



k:{n,k)^Q k:{n,k)<^Q 

and the Blaschke condition implies 

o-n T 
^ TTT < OO. 

If (O doesn't hold we have J2n '^1 Ln < oo, and 

dt ^ 2-"/2 / 1 V'^ ^ 1 A^/Vv- 2-"L„ xi/2 

E TTTr^TT = E ^TTT^r^T^ <[2^-r) Etttt^T^^ <oo. 



which contradicts the hypothesis. ■ 

4.2. Discretized rings. Let r„ G (0, 1) be an increasing sequence of radii with lim„ r„ = 1 and 
< inf „ < sup„ < L Let be a decreasing sequence of hyperbolic distances 

such that lim„ e„ = 0. The discretized rings associated to {r„}„ and is the sequence 

^ = {-^njlnj' where 

/ 27ri \ r 1 " 

Anj = Tn exp j- — n G N, < J < — 

\ (1 - r„)e„/ [(1 - r„)e„_ 

Theorem 4.5. Let A discretized rings. The following properties are equivalent: 
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(a) A is a sampling sequence for Af 

(b) Z^AeAnr (c) ~ 1^1 ~ oofor all ( & T and all ip E 

(c) — — J =00. 

n=0 ^ ^" ^ 

The proof follows the same scheme as the proof of Theorem 14. 11 



Proof, (a)^(b). As in Theorem 1470 

1 /2 

(b)^(c). Assume that J2n (^~^) < Consider the sequence rin = [(1 — 'r„)e„]^/^ 



decreasing to zero and the function ^jJ which in each interval [?7„+i, is defined as the segment 
joining the points (?7„+i, 1 - r„+i) and {r]n, 1 - r„); i.e. 



^(^) = H [(1 ~ + ~ Vn) 

n>0 Vn+l 



Xlrin+i ,rin) \-^) 



It is clear that is continuous, non-decreasing and with ip^O) = 0. Also, by the hypotheses on 

[ t^d.^j: r < Ed - ,,) ^1 < Ed - '•„) - 



n>0 ^"+1 n 



hence ijj E J^. 

On the other hand, a length estimate shows that the number of j such that A„ G r^((^) is 
approximately ^^^^^^^t^- Since — r„) = ?7„ we have 



E 1 -|A|:. Ed r,;;' = Ef = E 

AeAnr^(C) n>0 V 'njtn n>0 '^'1 n>0 



< OO 



which contradicts (b). 

(c)^(a). Given a Blaschke sequence Z, we want to choose a family of indices Q satisfying 
the conditions of Theorem 13 . 2r a') . 

We begin by showing that Lemma l4!4l still holds for discretized rings. 

Proof of Lemma W^ for discretized rings. Let Q = Qn,k, Q = Qn,k and M = ^{A fl Q). 

Since < inf„ < sup„ < 1' there is at most a finite number of with 

2-(n+i) < 1 — < 2^". There is no loss of generality in assuming that there is just one such 
Tm, and therefore M ~ l/e^. In particular, there exist c < C such that -D(A, cem), \ E Q, are 
mutually disjoint and D(\, Cem) cover the segment {z : |z| = r^} fl Q. 
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Given Z = {ai, . . . , a^} C consider now 

A'q := |A G A n Q : p(A, a) > Cem, for all a G Z n Q}. 

Again, for suitable C, m and r G (0, 1), we have #Aq > M/2 and Q C D(a, r) for any a G Q. 
We proceed as before, but replacing the area averages in (fTTTi by the line averages 

1 1 f 1 1 , , , 

p(A',aj) |J(A',cem)| Jj(A',ce,„) P{z,aj) 

— /" I I 5 

where J(A', ce^) = {-^ : \z\ = r^} n -D(A', ctm)- Then, for any ai, . . . , ca? G 

N N 1 ^ 1 f 1 

/ / -^^S = \ \ log ^ ^ / log 

a4\' P(-^'>«i) jliA'tA' p(A', Oj) ~ (1 -r™)e„^ 7Qn{|^|=r„} p(2,aj) 

Since the hyperbolic length of Q H {|2;| = rm} is approximately 2~" ~ 1 — r^, we have, for 
some r' < 1, 

1 /■ 1 r' 1 
/ log^ \\d'Z\ ^ / log-p- r (ix ~ 1 . 

i- - rm JQn{\z\=r„,} P{Z,aj) J-r' \x\ 

Hence 

N ^ 

j=iA'eA^ PlA,ajj 

and using that #Aq > 1/ (2em) we get the desired result. ■ 



From here we proceed as in the proof of Theorem l4.11 As pointed out before, there is no loss 
of generality in assuming that there is just one with 2"+^ < 1 — < 2^". To simplify the 
notation we re-index and call it r„. 

Given a Blaschke sequence Z and e small enough, define Q as in (fT2t . The previous lemma 
ensures dH) in Theorem 13 .21 In order to see that Q also holds it is enough to show ([T3t . Let L„ 
as in (fT4l) . Since #(A fl Qn.fc) — l/cn we have now 

k:{n,k)eQ k:(n,k)eQ 

hence the Blaschke condition implies — rn)Ln/ en < oo . If (fT3l) does not hold we have 

J2n^/Ln < OO, and 



- en / 
which contradicts the hypothesis 
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4.3. Uniformly dense disks. In this section we consider a different kind of sampling sets. We 
begin with the sequences considered by Ortega-Cerda and Seip in llOrSel . 

Definition. A sequence A C D is uniformly dense if 

(i) A is separated, i.e. inf a^a' A') > 0. 

(ii) There exists r < 1 such that D = Uaga D{X, r). 



Notice that, in the terminology of Section 1411 uniformly dense sequences correspond to 1- 
nets. 

Let be a non-decreasing continuous function, bounded by some constant less than 1 . Given 
A uniformly dense define r\ = ip{l — |A|), D"^ = D(\,rx) and the unions of disks 

AM := U 

AeA 

Theorem 4.6. The set A{{p) is sampling for Af if and only if 

L tiog(iMt))=°°- 

In Section |5l we will see that this condition actually characterizes determination sets for the 
space of subharmonic functions in the disk having the characteristic growth of the Nevanlinna 
class. 



Remark 4. Condition (fT6t is equivalent to the fact that the harmonic measure of in D \ A((/9) 
is zero, see LOrSe. Theorem 1]. Notice also that for any fixed K > 1 condition (fT6t is equivalent 
to ^ 

? log(l/^(ir-)) = ^ • 

Remark 5. The above family of examples allows us to see that there is no general relationship 
between yl^"-sampling sets and Nevanlinna sampling sets. 

A set A C © is sampling for the space 

= {fe Hol(D) : ll/IU := sup(l - \z\r\fiz)\ < oo} a > 0, 

when there exists C > such that < Csupa^aII - |A|)"|/(A)| for all / G A"". 

A well-known result of K. Seip llSel Theorem 1.1] characterizes A"°-sampling sets as those 
A for which there exists a separated subsequence A' C A such that 

D_{A') := liminf inf '■■'/'<^('-^<\ > « . 

r^l- zeD log — !— 

Let Ag be a fine net associated to a function g with /q ^i/fg^^f--^ < oo» for instance g{t) = t^^^. 
According to Theorem 14. 11 Ag is not a Nevanlinna sampling set. On the other hand, for any given 
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a > 0, we can extract a maximal separated sequence A' with the separation small enough so that 
-D_(A') > a, hence Ag is A^"-sampling for all a > 0. 

Also, given a > 0, consider a uniformly dense sequence A with -D-(A) < a and take (p 
satisfying limt^Q Lp(t) = and (fT6t . Then A(lp) is Nevanlinna sampling but it is not A'"- 
sampling, since D^(A') < a for any separated A' C A(lp). 

Better yet, take a set A as in Section l4~2l sampling for the Nevanlinna class, with lim„^oo i^/^^ 
oo. Then -D-(A) = 0, so it cannot be A^"-sampling for any a > 0. 

Proof. Assume that ([T6b does not hold. We will exhibit a function f E M such that log \f{z) \ = 
log |-B(;z)| + SPz{l) is bounded on A(lp), for an appropriate choice of the Blaschke product B 
and the constant 6 > 0. Since, according to Lemma l231 / ^ H"", this will contradict the fact 
that A((/)) is sampling. 

Let Z be the set of A G A such that mx := y^^(i-\x\) ^ 1' where each point A is taken 
with multiplicity mx. 

In order to see that the Blaschke sum of Z (with multiplicities) is finite, split it into the different 
dyadic squares Qn,k- Notice that for A G Qn,k 



|1-A|2 (2-'^ + fc2-'^)2 {l + ky 
Also, the uniform density condition implies #A fl Qn,k ^ 1- Therefore 

E(i-H)-EE E mxii-\x\)^j:^~^i: E 



Pxil) 



26Z n>o fc=o AeznQ„,fc n>o fc=o AeznQ„,fc ^°s(V'/'(l \M)) 

1 z^;^^ 1 X /•! dt 



(y - 

-„4-.logfl/(^f2-))V^. 1 



A 



On the other hand, if 2; G Df we have 



< 00. 



log|S(^)| < log[p(z,Ar^ ^ 1 if'n^ ixh ^"g^(^ - 1^1) = -^^^1)- 

logl/(/?(l - |A|) 

Therefore log |/| is bounded on Uaga -^a if ^ chosen small enough. 

Assume now that (fT6t holds. By the uniform density condition, there exists K > 1 such that 
for some C > 

1 < #{A : n 1 - 1/K) ^ 0} < C for all zeB). 
There is no restriction in assuming that K = 2, and equivalently, that 

1 < #{A : n g„,fe ^ 0} < C for all n G N and A; = 0, . . . , 2" - L 

In order to check the conditions of Theorem 13. 2r a). and given a Blaschke sequence Z, let us 
see first that ^ 

Wn,k{A{<^), Nn.k) ^ Nn,k log . 
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Let A be such that D'^ fl Qn,k 0- Take ai, . . . G -D^; then p{aj, A) < v^(2"") and therefore, 
if there is only one such disk overlapping with Qn,k, 

If there is a finite number C of such disks, put Nn,k/C points in each disk, and the same result 
will hold. 

On the other hand 



which proves the reverse estimate. 

Let Nn = YjT=o ^n,k. In ^ (0, 1) to bc determined later, and L„ = [(1 — 7„)A^„]. Let be 
the set of indices (n, k) corresponding to the L„ dyadic squares Qn.fc with the largest values of 
Nn^k- By definition 

Nn,k > Ln ■ 

{n,k)&Q'n 

Call Qn the remaining indices (n, k) and define Q = U„Qn- Then 
Since 

k:{n,k)&Q k:{n,k)&Q<' 

condition © is now equivalent to 



The hypothesis, as stated in Remark implies 

liminf (log / M ~'''Nn = , 

since otherwise 2~"A^„ y (log l/(y9(2^"))^^ and the Blaschke condition would be violated. In 
particular, there exists a subsequence such that 
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Define 

_il-l/Nn if n = nj 

~ |(logl/(/?(2-"))"^ if n ^ rij. 

Then © holds: 

To prove Q in Theorem l3.2l we use an argument as in STSh . Here 

oo / \^ 1 1 

as desired. 



5. Uniformly dense disks eor subharmonic euncitons 
In this section we show that Theorem 14 .61 with a different proof, can be extended to the class 
u : D — > M subharmonic with sup / u^{re'^) dO < oo \ . 

A set A C © is called a determination set for iSA/" if sup^ m = supjj u for all n G SM. 

Theorem 5.1. A uniformly dense family of disks A((y9) is a determination set for SM if and only 
if (Ull) holds. 

Proof. The necessity of ([T6b is contained in Theorem 14 .61 since log |/| G SM whenever / G M. 

Assume now that (fT6t holds. Let u G cSA/" be such that sup^(^) m < 0. We want to prove that 

u{p) < for all j9 ^ A((^). 

Let -R„ = 1 — i^^", where K > 1 will be chosen later on, and consider the domains 

Q^{p,A,^) = D{p,R^)\ U Df. 

\:DlcD(p,R„) 

Let CO (A; p, fi) denote the harmonic measure at p of a set A C dVl, and let 0p denote the auto- 
morphism of D exchanging p and 0. The subharmonicity of m+ gives then 

u^{p)< u+(C) rfcj(C;p,fi„(p, A,v?)) = / u+(C) rfa;(C;p, fi„(p, A,v9)) 

Jdn„(p,A,ifi) JdD(p,R„) 

= I (m+o0p)(C) dcu(C;O,0p(n„(p,A,(^))) . 

First observe that the harmonic measure in (ppiVLnip, A, ip))) can be estimated by the harmonic 
measure of a domain r2„(0, A, ip), where A is uniformly dense and ^/^ is a non-decreasing, contin- 
uous function bounded by some constant less than 1 satisfying ([T6b . To see this let A = 0p(A), 
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consider the hyperbolic rings 

A^ = {zeB: Rn-i < p{z,p) < Rn} 



and take non-decreasing, continuous, and such that ip{Rn) = min^^ (p. Then C Z^J 



and therefore uj{A; 0, (f)p{^ln{p, A, ip))) < uj{A; 0, i^„(0, A, ip)) for any A C = -R„}. Notice 
also that min^^ Lp is attained for z with 

1 - N ^ < (1 -«„)(!- IPl) ^ - bl) . 

and therefore 

t\og{i/m) ^ h iog(i/v^(ir-")) - ^1 iog(i/y.(K-«(i - bi)) ^ io tiog(i/y.(t)) ■ 

We have thus 



u^ip)< / (n+o0p)(C)rf^(C;O,fi„(O,A,^)) 



As mentioned in Remark |4l the hypothesis implies uj(dB)] 0, D \ A(^)) = 0. In order to see 
that the previous integrals tend to zero we need a slight refinement of Theorem 1 in LOrSeJ . Let 
dan = d9/{27iRn) denote the normalized Lebesgue measure in = 

Lemma 5.2. Given a uniformly dense sequence A and a non-decreasing continuous function ip 
satisfying (fT^ . there exist i?„ < 1 with lim„ _R„ = 1, and e„ > with lim„ e„ = such that 
07(1; 0, n„(0, A, < en<Jn{I) for all intervals I C {( : |C| = Rn}- 



Once this lemma is proved, the above estimate yields 

r2^ dO 

and letting n — > cxd we obtain < 0, as desired. 



u^{p)<ej («+o0,)(C)rfa„(C)<^sup/ («+o0,)(re'^)^ 



Proof of Lemma U^ We prove this by induction. We drop the superindex in D'^ and denote 
^^(O, A, ip) simply by 

There is no restriction in assuming that there are no Dx in D{0, Ri); thus uj{I; 0, fix)) < |/| 
for all intervals / C {C : |C| = ^i}- 

We have 

0, Qn) = f P{z^ I) duj{z; 0, Qn-i) , 

J\z\=R„-i 

where P(z — > /) denotes the probability that a Brownian motion starting at z exits f2„ through 
/. The hypothesis of induction gives then 



(17) cu{I; 0, < en_i / P{z ^ J) da„ 

J\z\=Rn-l 
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In the estimate of P{z I) we use the uniform density of A: there exist 6 E (0, 1) and 
K > 1 (independent of n) such that for each z G = Rn-i} there is A G A with Dx G 

D{0, Rn) \ D{0, Rn-i) and p{z, A) < 5. Then 

P{z ^ I) <uj{I;z,D{Q,R^)\Dx) . 

This harmonic measure can be estimaded by comparing with an explicit harmonic function. 
Let ^n{z) = z/Rn, which sends D(0, Rn) to D, and let -Pi"^(C) denote the Poisson kernel in 
D{0, Rn). Let A(") G D, r$"^ G (0, 1) be such that ^„,(L'a) = ^n(^(A, r^)) = ^'(A^'^), and 
define the harmonic function on D(0, Rn) \ Dx 

FxizJ)=u;iI;z,DiO,Rn))-( inf fpi-\C)daniC)) P^^^"^ ^ 

\w&Dx J I J log Tx 

It is clear that u){l\ rj, D{0, Rn) \ Dx) < Fx{r], I) for t] in the boundary of D{0, Rn) \ Dx, and 
therefore in all D{0, Rn) \ Dx- Hence 

P{z^I)<Fx{z,I). 

We want to give an estimate of Fx{z, I) independent of A. Using that uj{P, z, D{0, Rn)) = 
Ii -Pi"HC) daniC)^ we can write 

yj, . y'^i "^'^ijy /,pi">(c) <i<T„(c) logrl"' J 

Since lim|A|^i = and p{z, A) < 6, by the Hamack's estimates (or by a direct computation), 
there exists c > such that 

M^^9nJjPi-\C)dan{C) „ 

/, Pi") (C)rfMC) 

Also, there exists 5' > such that for n big enough p(A("\ ^n(-2)) < With this and the fact 
that K~"-~^ < 1 — lAI < K^^ we deduce that there exists some C > such that 



From (flTt we have therefore 



C 



\ogl/(p{K-'') 



uiP, 0, iln) < e„_i (1 - , 1 / / Pi"HC) rf^n-i(^) daniO 



\ogl/ip{K-^) J JlJ\z\=R„-^ 

= t-logiMA-..))'^"*''- 

Defining 

'"^''^"^ (^"logiMK-)) ^n(^"iogiMK- 

and using Remark |4| we obtain the stated properties. 



sampling sets for the nevanlinna class 27 
6. Appendix. 

Here we give a direct proof that a determination set for TV^ is a Hayman-Lyons set. According 
to HGal Corollary 2] this implies |A^T(A)| = 2n, and therefore A is determination set for 7-^°°. 

Let 5 e (0, 1) and let Aq C A be maximal among the subsequences of A such that p(A, A') > 5 
for all A, A' G Aq, A 7^ A'. We want to prove that 

5](1-|A|)Pa(C) = oo forallCGT. 

AeAo 

There is no loss of generality in reducing ourselves to the case C, = 1. Also, we restrict our 
attention to those A G Aq with Px{l) > 1, and denote by Aq the subsequence made with such 
points. Notice that A D {z : Pz{l) < 1} cannot be a determination sequence for J\f anyway, as 
the function / G A/" with log \f{z)\ = -Pz(l) shows. Thus, let us assume that 

E(1-|A|)Pa(1)<oo 

AeAo 

and see that there exists / G A/" \ 7Y°° with sup^ |/| < oo. 

Consider the sequence Z consisting of the points A G Aq, with multiplicity [Px(l)]- By 
assumption Z is a Blaschke sequence, and therefore, for any C > 0, there exists f G J\f such 
that 

\og\fiz)\ = \og\Bz{z)\+C P^il). 

As seen in Example 1, such / cannot be bounded in the whole disk. 

We want to choose C so that sup^ |/| < oo. By construction, we only need to consider 
A ^ Aq. We separate two cases: 

(i) IfPA(l) < 2 obviously log I /(A) I < 2C. 

(ii) If Pa(1) > 2 there exists Aq G Aq such that p(A, Aq) < 5. By Hamack's inequalities we 
obtain: 

log|/(A)| < logp(A,Ao)[^^o(i)] +C Pa(1) < ^(log5)PAo(l) + c(i±j)PA.,(l) . 
Choosing C = log | we see that in this case log |/(A) | < 0, as desired. 

References 

L. Brown, A. Shields and K. Zeller, "On absolutely convergent exponential sums". Trans. Amer Math. 
Soc. 96 (1960) 162-183. MR 26 #332 

S. J. Gardiner, "Sets of determination for harmonic functions". Trans. Amer Math. Soc, 338 (1993), 
no. 1, 233-243. MR 93j:31005 

J. B. Garnett, Bounded analytic functions. Academic Press, New York, 1981. 

W. K. Hayman and T. J. Lyons, "Bases for positive continuous functions", J. London Math. Soc. 42 
(1990), 292-308. MR 92a: 3 1002 

A. Hartmann, X. Massaneda, A. Nicolau, and P. J. Thomas. "Interpolation in the NevanUnna class and 
harmonic majorants", J. Funct. Anal. 217 (2004) 1-37. MR 2005h:30065 



[BrShZe] 

[Ga] 

[Gar81] 
[HaLy] 

[HMNT] 



28 XAVIERMASSANEDA& PASCAL J. THOMAS 

[Nik02] N. K. Nikolski [Nikol'skii], Operators, functions, and systems: an easy reading. Vol. 1, Hardy, Hankel, 

and Toeplitz; Vol.2, Model Operators and Systems, Mathematical Surveys and Monographs, 92 and 93. 

American Mathematical Society, Providence, RI, 2002. 
[OrSe] J. Ortega-Cerda and K. Seip. "Harmonic measure and Uniform densities", Indiana Univ. Math. J. 53 

(2004), no. 3, 905-923. MR 2005f:30051 
[RosRov] M. Rosenblum and J. Rovnyak, Hardy classes and operator theory, Oxford Mathematical Monographs. 

Oxford Science Publications. The Clarendon Press, Oxford University Press, New York, 1985. 
[Se] Seip K., "Beurling type density theorems in the unit disk". Invent. Math. 113 (1993), 21-39. 

[SS] J. H. Shapiro, and A.L. Shields,. "Unusual topological properties of the Nevanlinna class". Amer. J. 

Math. 97 (1975) , no. 4, 915-936. MR 52# 11053 
[Th] R J. Thomas. "Sampling sets for Hardy spaces of the disk", Proc. Amer. Math. Soc. 126 (1998) 2927- 

2932. MR 99a:30035 



Departament de Matematica Aplicada I Analisi, Universitat de Barcelona, Gran Via 585, 
08007-Barcelona, Spain 

Laboratoire de Mathematiques Emile Picard, UMR CNRS 5580, Universite Paul Sabatier, 
118 ROUTE DE Narbonne, 31062 TOULOUSE CEDEX, France. 

E-mail address: xavier.massaneda@ub.edu, pthomas@cict.fr 



